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ABSTRACT Cyclic codes have been widely used in digital communication system and consume 

electronics as they have efficient encoding and decoding algorithms. In coding theory cyclic codes has been 

an important topic of study for many years. In this paper a class of cyclic codes with some conditions is 

described. 
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INTRODUCTION 

Throughout this paper, let p be a prime, q= p
s
, r= q

m
 for some integers s, m ≥ 1. Let Fr be 

a finite field of order r and   be a generator of the multiplicative group Fr
*
=Fr\ {0}. An 

[n, k, d]-linear code C over Fq is a K-dimensional subspace of Fq
n
 with minimum 

(Hamming) distance d. It is called cyclic if any (c0,c1,…,cn-1)C implies  (cn-1,c0,…,cn-2)

  C. 

Consider the one-one linear map defined by 

                                             :    C            →   R = Fq [x]/ (x
n
-1) 

                                          (c0, c1, … , cn-1) c0+c1x+…+cn-1x
n-1

. 

Then C is a cyclic code if and only if  (C) is an ideal of the ring R. Since R is a 

principal ideal ring, there exists a unique monic polynomial g(x) with least degree 

satisfying  (C) = g(x)R and g(x)I(x
n
-1) . Then g(x) is called the generator polynomial 

of C and h(x) = (x
n
-1)/g(x) is called the parity- check polynomial of C. If h(x) has t 

irreducible factors over Fq, we say for simplicity such a cyclic code C to have t zeros. 

The objectives of this paper are to describe a new class of cyclic codes with arbitrary 

number of zeros.  

 

THE CLASS OF CYCLIC CODES  

First of all, we make the following assumptions for the rest of this paper. 

The Main Assumptions: 
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Let r = q
m
 = p

sm
 be a prime power for some positive integers s, m and let e ≥ t ≥ 2. 

Assume that 

 (i) a is not congruent to zero modulo (r-1) and e/(r-1); 

(ii) ai   a+ i
e

r


1
(mod r-1) , 1≤ i ≤ t where ji   (mod e) for any i ≠ j and 

     gcd( et ,,..., 112  )= 1; 

(iii) deg ha1(x) = … =deg hat(x) = m, and hai(x) ≠ haj(x) for any 1≤ I ≠ j ≤t, where ha(x)   is 

the minimal polynomial of γ
-a
 over Fq. 

 

From what follows, define 

                             δ = gcd(r-1, a1, a2,…, at),         n = 


1r
  

and 

                                         N = gcd ( ae
q

r
,

1

1




). 

It is to verify that 

                                        eδ \ N(q-1). 

The class of cyclic codes considered in this paper is defined by 

                                 C =   
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(1) 

where   Trr/q denotes the trace map from Fr to Fq. It follows from Delsarte’s theorem that 

the code C is an [n, tm] cyclic code over Fq with parity check polynomial h(x) = 

ha1(x)…hat(x) . This code C may contain many cyclic codes studied in the literature as 

special cases. In particular, when t=2, a0 = 
h

q 1
,           a1 = 

e

r

h

q 11 



 for positive 

integers e, h such that e\h and h\(q-1), the code C has been studied in [7],[4],[9],[10],[11] 

and [6]. 
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In the definition of C we choose integers a1, a2, … , at from a set of arithmetic sequence 

with common difference 
e

r 1
 modulo r-1. This choice of these ai’s allow us to compute 

the weight distribution of the code C. If the integers ai are not chosen in this way, it might 

be difficult to find the weight distribution. The conditions in the main assumptions are to 

guarantee that the dimension of C is equal to mt. 

 

Group characters, Cyclotomy and Gaussian periods 

Let Trr/p denote the trace function from Fr to Fp . An additive character of Fr is a non zero 

function   from  to be the set of complex number such that )()()( yxyx   for any 

pair (x,y) 2

rF  . For each b rF , the function  

                                
pbcTr

b
prec

/)(12 /)(


  for all cFr                                        (2) 

Defines an additive character of Fr. When b=0, )(0 c =1  for all c rF , and it is called 

the trivial additive character of Fr. When b=1, the character  1 in (2) is called the 

canonical additive character of Fr . For any x Fr, one can easily check the following 

orthogonal property of additive characters, which we need in the sequel, 

                                 




rFx

ax
r

)(
1










.,0

;0,1

rFifa

ifa

                          (3)

 

Let r-1= lL for two positive integers l ≥ 1 and L ≥ 1, and let γ be a fixed primitive 

element of Fr. Define Ci
(L,r)

 = Li   for i=0, 1,…, L-1, where L denotes the 

subgroup of Fr
*
 generated by γ

L
 . The cosets ),( rL

iC  are called the cyclotomic classes of 

order L in Fr. The cyclotomic numbers of order L are defined by  

                                          (I, j)
(L, r) = 

),(),( )1( rL

j

rL

i CC   

for all 0≤ I, j ≤ L-1. 

Cyclotomic numbers of order 2 are given in the following lemma [3] and will be needed 

in the sequel. 
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Lemma 1. The cyclotomic numbers of the order 2 are given by 

(0, 0)
(2, r)

 = ;
4

)5( r
 (0, 1)

(2, r)
 = (1, 0)

(2, r)
 = (1, 1)

(2, r)
 = if

r

4

1
 r1 (mod 4); and 

(0, 0)
(2, r)

 = (1, 0)
(2, r)

 = (1, 1)
(2, r)

 = 
4

3r
; (0, 1)

(2, r)
 = 

4

1r
; if r 3(mod 4). 

 

The Gaussian period of order L are defined by 

                                       





),(

)(),(

rL
iCx

rL

i x , i = 0, 1,… , L-1. 

Where   is the canonical additive character of Fr. 

The values of the Gaussian periods are in general way very hard to compute. However, 

they can be computed in a few cases. We will need the following lemmas whose proofs 

can be found in [3] and [8]. 

                                                                                                                                                                                        

Lemma 2. When L=2, the Gaussian periods are given by 

                      




















)4(mod3,
2

)1()1(1

)4(mod1,
2

)1(1

2/1.1.

2/11.

),(

0

ifp
r

ifp
r

msms

ms

rL   

           and                         ),2(

0

),2(

1 1 rr   . 

 

Lemma 3. Let L=3, if p 1 (mod 3), and sm 0 (mod 3), then 

 

 

   where c1 and d1 are given by 4p
s.m/3

 = 
2

1

2

1 27dc  , c1 1 (mod 3) and gcd(c1, p) =1. 
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In a special case, the so called semi-primitive case, the Gaussian periods are known  and 

are described in the following lemma [1], [8]. 

 

Lemma 4.  Assume that L>2 and there exists a positive integers j such that             p
j
 -1  

(mod L), and j is the least such. Let r = p
2jv

 for some integer v. 

(a) If v, p and (p
j
+1)/L are all 

odd, then 

,
1)1(),(

2/
L

rLrL

L


  .2/

1),( Lfork
L

rrL

k 


  

(b) In all other cases, 

          
L

rLv
rL 1)1()1( 1

),(

0






  ,      .0
1)1(),( 


 fork

L

rv
rL

k  

In other special case, the so called quadratic residue case, the Gaussian period can also be 

computed. The results below are from [2] or [5]. 

 

 

Lemma  5.  Let 3≠ L 3 (mod 4) be a prime , p be a quadratic residue modulo L and 

k
L

.
2

1
 = sm for some positive integer k .Let hL be the ideal class no. of Q( L ) and 

a,b be integers satisfying  

 

                                 

















bpb
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pLba

L

hL

/,0
4

21
2

422

(mod L)         (4) 

 

Then , the Gaussian period of L are given by 
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Where 
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Remark: By using above facts about a class of cyclic codes, Cyclotomic number, 

Gaussians Period and the main assumptions we can compute the weight distribution of 

this class of cyclic codes.  
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