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ABSTRACT Let F4 be the finite field with g elements, p be an odd prime co-prime to q and m > 1 be an
integer. In this paper, we explicitly determine the weight distribution of all the minimal cyclic codes of
length p™ over F4 from their generating polynomials in a special case, when the multiplicative order of g
modulo p™ is a power of p.
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INTRODUCTION

Let Fy be the finite field with g elements and n be a positive integer co-prime to gq. A
cyclic code C of length n over Fq is a linear subspace of Fy" with the property that if (ao,
ai, ..., an1) € C, then the cyclic shift (an.1, ao, ..., a2) is also in C. A cyclic code C of
length n over F is also called a g-ary cyclic code of length n. We can also regard C as an
ideal in the principal ideal ring R, := Fo[x]/ (X" —1) under the vector space isomorphism

from F," to Ry given by (ao, a1, ... , an1) o ag+aix+...+an X"

It is known that any ideal C in R, is generated by a unique monic polynomial g(x), which
is a divisor of (x"-1), called the generating polynomial of C. A minimal ideal in R, is

called a minimal cyclic code of length n over F,.

If C is a cyclic code of length n over Fy and ve C, then the weight of v, wt(v), is defined

to be the number of non-zero coordinates in v.

If AY denotes the number of codewords in C of weight w, w> 0, then the list

A A A s called the weight distribution of C. The weight distribution of

minimal cyclic codes has been an interesting object of study for a long time and is known

in some cases. Ding [2] determined the weight distribution of g-ary minimal cyclic codes
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On(a)
q —

of length n provided 2 < g -t

. <4, where O,(q)denotes the multiplicative order of g

modulo n. He also pointed out that the weight formulas become quite messy if

On(a) _
g . >5 and therefore finding the weight distribution of g-ary minimal cyclic code

is a notoriously difficult problem.

In this paper, we determine the weight distribution of all the minimal cyclic codes of
length p™ over Fq, where p is an odd prime co-prime to q and m>1 is an integer, for the
case where multiplicative order of g modulo p™ is a power of p. In Section 2, we list all
the minimal cyclic codes of length p™ over Fq and show that in order to determine the
weight distribution of any of these codes, it is sufficient to find the weight distribution of
the g-ary minimal cyclic code of length p', 1<r<m, which corresponds to the g-
cyclotomic coset containing 1. In Section 3, we find the weight distribution of the
minimal cyclic code of length p', 1<r<m, which corresponds to the g- cyclotomic coset

containing 1 in the case defined above. Finally, in last, we also give an example.

2. Minimal cyclic codes and their weight distribution
Let F be the finite field with g elements and let n be a positive integer co-prime to g. Let
a denote a primitive nth root of unity of some extension field of Fy. For any integer s, 0<

s<n-1, the q -cyclotomic coset of s modulo n is the set

Cs:={s, sq, sa,..., sq'},

Where n is the least positive integer such that sq =s(mod n). Corresponding to the g-

cyclotomic coset Cs, define

MO (x)=]](x-a’)

jeC,
and
x" -1

M " :=the ideal in R, generated by ————
” M, ()
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It is known that M " (x) is the minimal polynomial of «* over Fyand M is a minimal

cyclic code of length n over Fq called the g-ary minimal cyclic code of length n
corresponding to the g-cyclotomic coset Cs. Furthermore, if C, Cs,..., Cs are all the

distinct g-cyclotomic cosets modulo n, then M MY .., M are precisely all the

distinct minimal cyclic codes of length n over F,. We have the following:

Theorem 1. Let Fq be the finite field with g elements, p be an odd prime co-prime to q

and m> 1 be an integer. Let g be a primitive root modulo p™.

m-j
(i)  The codes Mgpm),M;E:},Os j<m-10<k< ﬂp—(;—l, are precisely all the
0..ild
p

distinct minimal cyclic codes of length p™ over Fq, where denotes ¢ Euler’s Phi function.
(i) Allthe non-zero codewords in M{"" have weight p™.
(iii)  The code M;E:j’ is equivalent to the code M ;’,.’m’and therefore they have the

same weight distribution.

(iv)  M®" s the repetition code of the minimal cyclic code M " of length
p

corresponding to the g-cyclotomic coset containing 1, repeated p’ times. Furthermore, for

any w> 0,

Ty
AP :{ Oifp if p does not divide w;

AP
If w=plw’, 0<w’<p™.

Where A®" (resp.AP""),w=> 0, denote the weight distribution of M ;ﬁ’m’ (resp.M "),
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Proof. By [3, Lemma 1], all the distinct g-cyclotomic coset modulo p™ are given by

m-j
COCgkpj ,Osjgm—1,03k£¢(p ( ;—1. Therefore, (i) follows, (ii) and (iii) are
' 0mild
p

obvious. The proof of (iv) is similar to that of Lemma 2 of [4].

It thus follows from the above theorem that the weight distribution of all the g-ary
minimal cyclic code of length p™ can be determined from the weight distribution of g-ary
minimal cyclic code Ml(pr) of length p" (1< r <m), which corresponds to the g-cyclotomic

coset containing 1.

3. The weight distribution of M*") | 1<r<m

We use some notations like P(v), L(vi, V2,..., vi), N(v) which are described in
[1].Throughout this section, Fq denotes the finite field with g elements , p be an odd
prime co-prime to q and m> 1, an integer. Let 1 <r <m be fixed throughout. In this
section, we determine the weight distribution of g-ary minimal cyclic code Ml(pr’ of

length p" corresponding to the g-cyclotomic coset containing 1, for the case defined

above.

Theorem 3. Let Fq be the finite field with q elements, p be an odd prime co-prime to q
and m > 1 be an integer. Suppose that the multiplicative order of g modulo p™ is p® for

some integer d (note that 0 <d <m). Then, if
(i) r <m-d,the only possible non-zero weight in Ml(p)r is p' ,which is attained by all its
g-1 non zero codewords.

(ii) r > m-d, the weight distribution A, w>0, of M{*) s given by

§ O ifpd t divide w;
A/(vp ) :{ o) 'I p does not divide w;
)@-1"

(&
If w=p™w’,0 <w’< p" (™9,

In order to prove Theorem 3, we first prove the following
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Lemma 4. Let p,q,m,d be as defind in theorem 3.Then Opr (q) ,the multiplicative order

of g modulo p" ,is given by

0. (q)= lifr<m-d
o V= p~ ™ Difr>m—d
Proof. First we assert that
Op(m—d) (CI) =1 (*)

To prove this, let Opan (q) =t =t. Working, as in [3, Lemma 1], we get O (q) =tp*
Asitis giventhat O, (q) = p? ,we get t=1,which proves (*).
If r < m-d, then by (*),we have Opr (q) =1.for the case r >m-d, working again as in

[3,Lemma 1],we obtainthat O, (q) = p" (M This proves the lemma.

Lemma 5. . Let p,g,m,d be as in theorem 3.1f r>m-d ,then there exists a primitive p™®

th root of unity g e F, ,such that the vectors

pm—d 1

j+1 P r—(m-d)
> B €, mn-lSi<p ,
j=0

Constitute a basis of M/*)  over F,

Proof: It is trivial.

Proof of Theorem 3. (i) Let a be a primitive p'th root of unity in some extension of Fq.

If r <m-d, by lemma 4, the multiplicative order of q modulo p" is 1. Therefore o%* = 1,

i.e., o €Fq and the minimal polynomial of o over Fq is x-a. Hence M("is a 1-

dimensional subspace of Fqpr generated by

142



International Journal of Science Technology & Management ISSN: 2321-774X
Volume 2, Issue 1, January 2014

xP -1
X—a

=a" P +a” P x+a” X+ +axP 2 +xP 7t and therefore every codeword of

M is a scalar multiple of & ™ +a” 2x+a® *x? +..+ax” 2 +x"* .This implies

that the only possible non-zero weight in Ml(pr) is p’, which is attained by all its (g-1)

non-zero codewords.

(i) If r> m-d, by lemma 5, any codeword ce M) can be written as c=

r—(m-d)

p m-d

Pl j+l : m-d__ > :
>, zj=0 ap'e, o wo a €F, . Clearly, wi(c) is p™"w’ , where w’ is number
i=1

of non-zero a;’s. Thus A(P)= 0 if p™ does not divide w. Moreover a code word in
Ml(pr) has weight W=pm'dw’ if and only if it is a linear combination of any w’ basis

vectors over Fq out of a total p™% basis vectors of M(P". This implies that there are

r—(m-d)
(p ](q—l)w' codewords in Ml(pr’ having weight p™®w’, which proves the

theorem.

Example
Let p=3, r be a positive integer and g=7. As the multiplicative order of 7 modulo 3™ is 3™

! which is a power of 3, we apply Theorem 3 to compute the weight distribution of 7-ary
minimal cyclic code Ml(3r). Note that d=m-1 in this case. By Theorem 3, we see that the

only possible non-zero weight in M® is 3, which is attained by all its 6 non-zero

codewords. If r > 2, the weight distribution of M.®”is given by

Oif 3doesnotdividei,
A®) = [3”} ifi=3j,0< j<3
]
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